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0. INTRODUCTION
w xThe classical Calderon reproducing formula 2 can be formulated asÂ
follows. Let g and h be L2-functions on R related by the condition
` daÃ  4g al h al s 1, for all l g R R 0 , .  .ÃH a0
Ãwhere denotes the classical Fourier transform on R. Put
1 x 1 x
g x [ g , h x [ h . .  .a a /  /a a a a
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Then
` da
f s f ) g ) h , 0.1 .H a a a0
where U denotes the usual convolution product on R.
 .Formula 0.1 was originally used in the so-called Calderon]ZygmundÂ
theory of singular integral operators, but later it was extended to various
areas of applied mathematics, in particular in wavelet theory see, for
w x.example, 3, 4 .
 .If m is a finite Borel measure on the real line R, then 0.1 has a natural
generalization to
` da
f s f )m , 0.2 .H a a0
where m is the dilated measure of m; under some restrictions on m, thea
p  .L -norm or a.e. convergence of 0.2 has been proved by B. Rubin and E.
w x  .Shamir in 7 . A more general form of 0.2 has been investigated by B.
w xRubin in 6, Sect. 12 .
 .The aim of this paper is to study similar questions when in 0.2 the
classical convolution U is replaced by a generalized con¨olution a on the
half-line generated by the Bessel differential operator
d2 2a q 1 d
L [ q , a ) y1r2. 0.3 .a 2 x dxdx
The major tool for this extension is the Fourier]Bessel transform and
related harmonic analysis results; we also use here some facts about the
 w x.Littlewood]Paley theory for this transform see 9, 14 .
It is believed that Calderon's reproducing formula as discussed here will
 w x.be of great utility in Inversion Problems see 5, 11, 12 and in wavelet
 w x.theory on Bessel]Kingman hypergroups see 13 .
1. PRELIMINARIES
In this section we recall some basic results in harmonic analysis related
w xto the Fourier]Bessel transform. More details can be found in 10, 11 . We
first begin with some notations.
p 2 aq1 .Notations. In all that follows, assume a ) y1r2. Define L x dx ,
w .1 F p F `, as the class of measurable functions f on 0, ` for which
1rp
` p 2 aq15 5f s f x x dx - `, if 1 F p - ` .p , a H /0
5 5f s ess sup f x - ` .` , a x G o
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w ..M s M 0, ` denotes the space of finite Borel measures on the half-line
w . 5 5 < <w .. < <0, ` . For each m g M write m s m 0, ` where m is the absolute
value of m.
DEFINITION 1.1. The Fourier]Bessel transform of a measure m g M is
defined by
J m l [ j l x dm x , l G 0, .  .  .H a
w .0, `
 . a  . ya  .where j s [ 2 G a q 1 s J s , with J the Bessel function of thea a a
first kind and index a .
 w x.Remark 1.1. As is well known see 10 , the function j is just thea
solution of the differential equation
L u s yu , u 0 s 1, uX 0 s 0 .  .a
 .where L is the Bessel operator as given by 0.3 .a
 w x.  .Properties see 8 . i for all m g M, the function J m is continuous on
w .0, ` and
 4lim J m l s m 0 . 1.1 .  . .
lª`
 .ii The Fourier]Bessel transform J maps injectively M into
w ..  w ..C 0, ` the space of continuous and bounded functions on 0, ` .b
An outstanding result about the Fourier]Bessel transform is the
Plancherel theorem
 w x.  .  1 2 . 2 aq1 .THEOREM 1.1 see 11 . i For e¨ery f g L l L x dx we ha¨e
the Plancherel formula
` `
2 aq1l2 22 aq1f x x dx s J f l dl. .  .  .H H 22 a0 0 2 G a q 1 . .
 .ii The Fourier]Bessel transform J extends uniquely to a unitary
2 2 aq1 . 2 2 aq1 2 a   ..2 . .isomorphism from L x dx onto L l r2 G a q 1 dl ; the
in¨erse transform is gi¨ en by
1
y1J s J .22 a2 G a q 1 . .
 .DEFINITION 1.2. i The generalized translation operators T , x G 0, arex
w .defined for smooth functions on 0, ` by
pG a q 1 . 2 a2 2’T f y [ f x q y q 2 xy cos u sin u du . .  .  .H  /x ’p G a q 1r2 . 0
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 .ii The generalized con¨olution product of a measure m g M and a
w .smooth function f on 0, ` is defined by
maf x [ T f y dm y , x G 0. .  .  .H x
w .0, `
 w x.  .  .Properties see 5, 11 . i The functions j l ? , l g C, satisfy ona
w .0, ` the product formula
j l x j l y s T j l ? y . .  .  .  . .a a x a
 . p 2 aq1 .ii Let f be in L x dx , 1 F p F `. Then for all x G 0, the
p 2 aq1 .function T f belongs to L x dx , andx
5 5 5 5T f F f .p , a p , ax
 . p 2 aq1 .iii For f g L x dx , p s 1 or 2, and x G 0, we have
J T f l s j l x J f l . .  .  .  .  .x a
 . p 2 aq1 .iv If m g M and f g L x dx , 1 F p F `, then maf g
p 2 aq1 .L x dx and
5 5 5 5 5 5maf F m f . 1.2 .p , a p , a
 . p 2 aq1 .v For m g M and f g L x dx , p s 1 or 2, we have
J maf s J m J f . 1.3 .  .  .  .
DEFINITION 1.3. Let m g M and a ) 0. We define the dilated measure
m of m bya
ww x dm x s w ax dm x , w g C 0, ` .  .  .  . . .H Ha c
w . w .0, ` 0, `
 w .. w .here C 0, ` denotes the space of continuous functions on 0, ` withc
.compact support .
 .  . 2 aq1 1 2 aq1 .Properties. i When m s g x x dx, with g g L x dx , the
measure m , a ) 0, is given by the functiona
1 x
g x [ g , x G 0. 1.4 .  .a 2 aq2  /aa
 .ii Let m g M and a ) 0. Then
J m l s J m al , for all l G 0. 1.5 .  .  .a
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 . p 2 aq1 .iii For m g M and f g L x dx , 1 F p - `, we have
wlim m af s m 0, ` f , 1.6 .. .a
aª0
a)0
p 2 aq1 .where the limit is in L x dx .
 . 1 2 aq1 . p 2 aq1 .iv Let g g L x dx and f g L x dx , 1 - p - `. Then
lim fag s 0, 1.7 .a
aª`
p 2 aq1 .where the limit is in L x dx .
 .  .Proof. Statements i and ii are obvious. A standard argument gives
 .  . w ..  .  .iii . Let us verify iv . If f , g g C 0, ` then by 1.2 and 1.4 we havec
5 5 5 5 5 5fag F f gp , a 1, a p , aa a
y2 aq1. py1.r p 5 5 5 5s a f g ª 0 as a ª `.1, a p , a
1 2 aq1 . p 2 aq1 .For arbitrary g g L x dx and f g L x dx the result follows by
density.
Â2. CALDERON'S FORMULA ASSOCIATED WITH THE
BESSEL OPERATOR La
 .It is now possible to define analogues to 0.2 for the generalized
convolution a and investigate its convergence in the L p-norm or pointwise
sense. To this end we need some technical lemmas.
LEMMA 2.1. Let m g M. For 0 - « - d - ` define
w xm xrd , xr« .
G x [ , x ) 0, 2.1 .  .« , d 2 aq2x
and
dad
K l [ J m al , l G 0. 2.2 .  .  .H« , d a«
1 2 aq1 .Then G g L x dx and« , d
d
 4J G s K y m 0 log . 2.3 .  . .« , d « , d «
Proof. We have
` dx
2 aq1 < <G x x dx F d m y .  .H H H« , d  / x . w x0 0, ` xrd , xr«
d
< <s log m 0, ` - `. . .
«
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Using Fubini's theorem we obtain
dx
J G l s dm y j l x .  .  .  .H H« , d a / x . w x0, ` xrd , xr«
dxd y
s j l x dm y .  .H H a /x .0, ` « y
dxd
s j yl x dm y .  .H H a /x .0, ` «
dxd
s j yl x dm y .  .H H a / x .« 0, `
dxd  4s J m l x y m 0 .  .H x«
d
 4s K l y m 0 log . .  .« , d «
p 2 aq1 .LEMMA 2.2. Let m g M. Then for f in L x dx , 1 F p F `, and
0 - « - d - `, the function
dad
« , df x [ fam x 2.4 .  .  .H a a«
p 2 aq1 .belongs to L x dx and has the form
d
« , d  4f x s faG x q m 0 f x log , 2.5 .  .  .  . .« , d «
 .where G is gi¨ en in 2.1 .« , d
Proof. Applying Fubini's theorem we get
dad
« , df x s T f ay dm y .  .  .H H x / aw .« 0, `
dad
s T f ay dm y .  .H H x /aw .0, ` «
d dad y 4s m 0 f x log q T f a dm y .  .  . . H H x /« a .0, ` « y
d da
 4s m 0 f x log q T f a dm y .  .  . . H Hx  /« a . w x0, ` ard , ar«
d
 4s m 0 f x log q faG x . .  . . « , d«
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 . « , dFrom this relation, Inequality 1.2 , and Lemma 2.1, we deduce that f
p 2 aq1 .belongs to L x dx .
In the sequel it will be convenient to investigate separately the L2 and
p  .L convergence of the truncated integrals in 2.4 .
2 2 aq1 .LEMMA 2.3. Let m g M. Then for f in L x dx we ha¨e
J f « , d s J f K , 2.6 .  . . « , d
 .where K is the function defined in 2.2 .« , d
 .  .  .Proof. This follows from 1.3 , 2.3 , and 2.5 .
THEOREM 2.1. Let m g M be such that the integral
` dl
c [ J m l 2.7 .  .Hm l0
2 2 aq1 .be finite. Then for all f in L x dx we ha¨e
5 « , d 5lim f y c f s 0. 2.8 .2, am
«ª0
dª`
 .Proof. By 2.6 and Theorem 1.1 we have
1 22« , d « , d5 5f y c f s J f y c J f . .2, am m2 2, a2 a2 G a q 1 . .
1 2s J f K y c . .  .« , d m2 2, a2 a2 G a q 1 . .
Or
lim K l s c , .« , d m
«ª0
dª`
 .for all l ) 0. So Eq. 2.8 follows from the dominated convergence
theorem.
 . .Remark 2.1. Note that the condition J m 0 s 0 which is equivalent
w ..to m 0, ` s 0 is necessary for the convergence of c .m
LEMMA 2.4. Let m g M be such that
` dy
w xm 0, y - `. 2.9 . .H y0
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Then the integral c is finite and admits the representationm
` dy
w xc s m 0, y . 2.10 . .Hm y0
 .Proof. From 2.1 we have
G s G y G , 2.11 .« , d « d
where
w xm 0, y .
G y [ , y ) 0, 2.12 .  .2 aq2y
 . 1 2 aq1 .and G , G the dilated functions of G. Since by 2.9 , G g L x dx ,« d
 .  .we deduce from 1.5 and 2.3 that
da ddl  4J G l s J m a y m 0 log s JG «l y JG dl , .  .  .  .  . .H« , d a ««l
2.13 .
 .  4.for all l ) 0. Or 2.9 implies necessarily m 0 s 0. Hence when « s 1
 .  .and d ª `, a combination of 2.13 and 1.1 gives
` da
JG l s J m a , for all l ) 0. 2.14 .  .  .H al
 .  .Now Formula 2.10 follows from Formula 2.14 by using the continuity
of J m.
THEOREM 2.2. Let m g M satisfy the condition of Lemma 2.4, and
p 2 aq1 .f g L x dx , 1 - p - `. Then
lim f « , d s c f , 2.15 .m
«ª0
dª`
p 2 aq1 .where the limit is in L x dx .
 .  .Proof. By 2.5 and 2.11 we have
f « , d s faG y faG , 2.16 .« d
 .  .  .where G is as in 2.12 . Equation 2.15 is now a consequence of 1.6 ,
 .  .1.7 , and 2.10 .
 .Our next purpose is to establish pointwise convergence of 2.4 . This
involves some detailed knowledge from the Littlewood]Paley theory for
 w x.the Fourier]Bessel transform see 1, 9, 14 .
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w .DEFINITION 2.1. Let f be a locally integrable function on 0, ` . We
w .call x g 0, ` a Lebesgue point of f if
1 t 2 aq1lim T f y y f x y dy s 0. .  .H x2 aq2ttª0 0
t)0
 w x.  .Properties see 9, 14 . i If f is continuous at x then x is a0 0
Lebesgue point of f.
 . w .ii If f is locally integrable then for almost every x g 0, ` , x is a
Lebesgue point of f.
 . w .iii Let g be a measurable function on 0, ` such that
<  . < 1 2 aq1 . p 2 aq1 .ess sup g t g L x dx . Let f g L x dx , 1 F p F `. Thent G x
for each Lebesgue point x of f
`
2 aq1lim fag x s f x g t t dt , 2.17 .  .  .  .Ha
aª0 0
a)0
 .where g is as in 1.4 .a
THEOREM 2.3. Let m g M satisfying
dy1
< < w xm 0, y - ` 2.18 . .H y0
and
` dy
w xm 0, y - `, 2.19 . .H y1
p 2 aq1 . <  . < 1 2 aq1 .and let f g L x dx , 1 F p - `. If ess sup G t g L x dxt G x
  ..see 2.12 , then for each Lebesgue point x of f
lim f « , d x s c f x . .  .m
«ª0
dª`
 .  .  .Proof. In view of 2.10 , 2.16 , and 2.17 it suffices to prove that
 . < <w x. < < 4.faG x ª 0 as d ª `. We first note that since m 0, y ry ; m 0 ry,d
 .  4.as y ª 0, Assumption 2.18 implies necessarily m 0 s 0. We have
`dy dy1 w x w xfaG x s T f y m 0, yrd q T f y m 0, yrd .  .  . .  .H Hd x xy d0 1
\ A x q B x . .  .d d
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Since for d G 1
< < < <w x w xT f y m 0, yrd ry F T f y m 0, y ry , .  . .  .x x
and
dy1
< < < < w xT f y m 0, y - ` .  .H x y0
 .because of 2.18 , we deduce by using the dominated convergence theorem
that
lim A x s 0. .d
dª`
 .Finally, since for 1 F p - `, the function y ª T f y ry is integrable onx
w .  .1, ` , it follows from the dominated convergence theorem that B x ª 0d
as d ª `.
w .LEMMA 2.5. Let f be an essentially bounded function on 0, ` that is
weakly oscillating around 0, i.e.,
1 t 2 aq1lim T f y y dy s 0, for all x G 0. 2.20 .  .H x2 aq2ttª` 0
1 2 aq1 .Let g g L x dx . Then
lim fag x s 0 .a
aª`
w .uniformly for x g 0, ` .
Proof. It suffices to consider the case where f G 0 and g continuous
w xwith support in 0, R . Then
aR 2 aq1fag x s T f y g y y dy .  .  .Ha x a
0
1 aR2 aq2 2 aq1 5 5F R T f y y dy g ª 0 .H `x2 aq2 /0aR .
as a ª `
 .by virtue of 2.20 .
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 .  .  .Combination of 2.10 , 2.16 , 2.17 , and Lemma 2.5 gives us
 . `w . .THEOREM 2.4. Let m g M satisfy 2.9 , and let f g L 0, ` , dx be
  .. <  . < 1 2 aq1 .weakly oscillating around 0 see 2.20 . If ess sup G t g L x dxt G x
  ..see 2.12 , then in any Lebesgue point x of f we ha¨e
lim f « , d x s c f x . .  .m
«ª0
dª`
 .It is interesting to express the integral c in 2.7 just in terms of mm
without the Fourier]Bessel transform. To know under what restrictions on
the measure m this holds, we need the following simple Lemma.
LEMMA 2.6. Let m g M. Then the following two assumptions on m are
equi¨ alent:
 . 1 < <w x. . ` < < .. .i H m 0, y dyry - ` and H m y, ` dyry - `;0 1
 . < < < < .ii H log x d m x - `.w0, `.
Proof. This is a consequence of the relations
dy1
< < < <w xm 0, y s y log x d m x 2.21 .  . .H Hy w x0 0, 1
and
` dy
< < < <m y , ` s log x d m x . 2.22 .  .  . .H Hy  .1 1, `
THEOREM 2.5. Let m g M satisfy the condition
< < < <log x d m x - `. 2.23 .  .H
w .0, `
Then the integral c is finite and represented asm
1
c s log dm x . 2.24 .  .Hm xw .0, `
Proof. We first note by Lemmas 2.4, 2.6 that the integral c exists andm
has the expression
` dy
w xc s m 0, y . .Hm y0
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 .  .Relation 2.21 combined with Inequality 2.23 enables us to use Fubini's
theorem, and therefore we obtain
dy1 w xm 0, y s y log x dm x . . .H Hy w x0 0, 1
w ..  . w x.  ..Since m 0, ` s 0 see Remark 2.1 , then m 0, y s ym y, ` for all
y G 0, and hence
` `dy dy
w xm 0, y s y dm x . .H H H /y y .1 1 y , `
x dy
s y dm x 2.25 .  .H H /y .1, ` 1
s y log x dm x , .H
 .1, `
 .  .  .where, due to 2.22 and 2.23 , the interchange of integrals in 2.25 is
possible. This concludes the proof of Theorem 2.5.
ACKNOWLEDGMENT
The authors are deeply grateful to the referee for his valuable comments.
REFERENCES
1. A. Achour and K. Trimeche, La g-fonction de Littlewood]Paley associee a un operateurÁ Â Á Â
 .  .  .differentiel singulier sur 0, ` , Ann. Inst. Fourier Grenoble 33 1983 , 203]226.Â
2. A. P. Calderon, Intermediate spaces and interpolation, the complex method, Studia Math.Â
 .24 1964 , 113]190.
3. I. Daubechies, Ten lectures on wavelets, in CBMS-NSF Regional Conference Series in
Applied Mathematics, Vol. 61, SIAM, Philadelphia, 1992.
4. M. Frazier, B. Jawerth, and G. Weiss, Littlewood]Paley theory and the study of function
spaces, in Regional Conference Series in Math., Vol. 79, Amer. Math. Soc., Providence,
RI, 1991.
5. M. A. Mourou and K. Trimeche, Inversion of the Weyl integral transform and the RadonÁ
n  .transform on R using generalized wavelets, C.R. Acad. Sci. Canada 18, Nos. 2]3 1996 ,
80]84.
6. B. Rubin, ``Fractional Integrals and Potentials,'' Longman, Harlow, 1996.
7. B. Rubin and E. Shamir, Calderon's reproducing formula and singular integral operators
 .on a real line, Integral Equations Operator Theory 21 1995 , 77]92.
8. A. Schwartz, The structure of the algebra of Hankel transforms and the algebra of
 .Hankel]Stieljes transforms, Canad. J. Math. 23, No. 2 1971 , 236]246.
CALDERON'S REPRODUCING FORMULAÂ 109
9. K. Stempak, La theorie de Littlewood]Paley pour la transformation de Fourier-Bessel,Â
 .C.R. Acad. Sci. Paris Ser. Math. 303 1986 , 15]18.Â
10. K. Trimeche, Transformation integrale de Weyl et theoreme de Paley-Wiener associes aÁ Â Â Á Â
 .  .un operateur differentiel sur 0, ` , J. Math. Pures Appl. 60 1981 , 51]98.Â
11. K. Trimeche, Inversion of Lions transmutation operators using generalized wavelets,Á
 .Appl. Comput. Harmonic Anal. 4 1997 , 1]16.
12. K. Trimeche, Inversion of the spherical mean operator and its dual using sphericalÁ
wavelets, in ``Eleventh Proceedings of the Conference Held in Oberwalfach, Oct. 23]29,
 .1994'' H. Heyer, Ed. , World Scientific, Singapore, 1995.
13. K. Trimeche, Wavelets on hypergroups, in ``Proceeding of the International ConferenceÁ
on Harmonic Analysis, New Delhi, India, 1996.''
14. Z. Xu, The Hardy]Littlewood maximal function for Chebli]Trimeche hypergroups,Â Á
 .Contemp. Math. 183 1995 , 45]70.
